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Fig. 4 Comparison of calculated chamber pressure with
test results.

experimental results: vf = 3650 in./sec yielded best agree-
ment and was chosen for use in the first numerical example,
and then applied to the other two numerical examples. The
resulting comparisons are shown in Fig. 4. Two calcula-
tions are indicated for SRM3. In the first calculation the
Initial pressure rise occurred too soon. To investigate this,
a pressure-time trace was calculated in which only the igniter
furnished pressurization to the SRM. This trace was
identical to the test trace for the first 16 msec. An adjusted
trace was then computed in which the grain was first ignited
after 16 msec. The "adjusted" curve in Fig. 4 agrees well
with the test trace.

The transient ignition problem as studied herein can be
divided into two phases: flame-spreading and chamber-
filling. The flame-spreading portion of the Pc(t) trace be-
gins with zero slope and arcs upward to a position where the
slope is approximately a maximum. The chamber-filling
interval is the interval between complete ignition of the
propellant surface and the time at which essentially steady
chamber conditions are reached; it occupies the larger part
of the ignition transient time. It is notable that (c?Pc/^)max
and Pcmax, which are the most important factors to be deter-
mined, are predicted quite well for all three motors, ap-
parently because the chamber-filling phase is more important
than the flame-spreading phase. Also, even for SRM 3,
the analysis yields at least a first estimate of the transients
during the initial phase.

Refinements to this analysis are possible. The variation
of gaseous properties throughout the grain length could
be more accurately determined by dividing the grain into
short segments and solving the momentum, energy, and state
equations in turn for each segment by an iterative tech-
nique until an over-all mass balance is achieved. An erosive
burning law could also be included.
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Angle of Attack and Lateral Rate for
Nearly Circular Re-Entry Motion

MARK M. LOTKIN*
General Electric Company, Philadelphia, Pa.

Nomenclature
A = reference area of vehicle
a = scale height
CD = drag coefficient
CMO. = pitching moment coefficient slope
d = reference diameter of vehicle
H = h0 - h
h = geometric altitude; h0 = h(t0) at re-entry
Ixjy = roll and pitch moments of inertia
k = AC D I am sin 70 = "drag" parameter
ra = mass of vehicle
#«> = pV2/2 = dynamic pressure
s = total lateral angular rate
t = time
V = relative velocity of vehicle
7 = flight path angle
5 = total angle of attack
p = density of air
co = body-fixed frequency of vehicle

Subscripts
( )o = at arbitrary altitude /i0; see Eqs. (7)
( )8 = at ,(sea level, hs = 0

Introduction

IN a previous article1 there was derived a set of ordinary
first-order differential equations for the total angle-bf-

attack d and the relative roll angle n in terms of the vehicle's
roll, pitch, and yaw rates. These equations apply to the
exosphere as well as the atmosphere, and for angles of a^bi-
trary magnitude. In this Note these basic equations are
applied to the case of nearly circular angle-of-attack motion
during re-entry, for small angles of attack. The use'of
well-known expressions for the frequencies of the lateral
rates permits an integration of the differential equation for a
mean value of d, leading to an expression of a mean total
lateral rate as well. The general expressions thus obtained
are applied to cases that are typical of the high-altitude
trajectory of advanced re-entry vehicles, leading to approxi-
mations of potential utility in simulations of pertinent
trajectories. Finally, a typical example is given.

Differential Equations
In Ref. 1 it was shown that d and ju satisfy

8 — s sin(ju — e)

A = — P + (s/tan6) COS(M — e)
with

s2 = q* + rz tane = r/q

(D

1(2)

(3)
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Equations (1) and (2) are readily transformed into an equiva-
lent set of equations by the introduction of the angles

7) = (7T/2) - V = (7T/2) - (4)

where v denotes the frequently used "windward meridian
angle." There results

8 — — s sin(t; — t\)

v = p — (s/tanS) cos(v — rj)

(5)
(6)

We shall fix the solution of Eqs. (5) and (6) by specifying
that at the time t = t0,

~d(to) = do, vfa) = 0 (7)

with d denoting a mean value. Equations (5) and (6) are
valid for arbitrary values of 5.

In general, pitch and yaw rates q and r may be represented
in the form

(8)
(9)

q — s sin co (t — to)

r = s coso)(£ — to)

and

tan 17 = tan co (t — to)

so that

rj = u(t - to) + mr,n = 0, ±1, ±2, . . . (10)

For small 5, the body-fixed frequencies are given by

co = p(l - h/2Iy) ± W (11)

with
1/172 — (nT • 797" "\2 _ ( A f l / I \n C* nf f l ̂rr — \[Jlx/£ly) \J±il/L ^(/coO J^fa \-!-•"/

Nearly Circular Motion

Circularjnotion is encountered when 6 = constant for all
times. In*such a case, from Eqs. (5) and (10),

0 = n = u(t - to) (13)
In the'exosphere, where p « 0 (hence, gro « 0), by Eq. (11),

co = p or p(l - /,//„)

From Eq. (7), for circular motion, at h = hQ}

• S0/tan50 = p — co

or, byEq. (11),

So/tan50 = plx/Iy (14)
We define"nearly circular" motion as one where

v = w($ - £0) + e(j _ *0) (15)

where € is a constant, and e <& |p| by definition. In such a
case we are permitted to put

Denoting the resulting solution of Eqs. (5) and (6) by d, s,
we have, from Eq. (6)

s/d = F(t) = p - o> - co (t - to) (18)

Introducing the resulting expression for s into Eq. (5),

~8/5 = ~eF(t - to) (19)

It follows that

(20)-£-H!-«/><«-«*]
For h < h0) where ho = h(to), it is convenient here to employ

the geometric altitude H = hQ — h, as the independent vari-
able. Since H = H(t - tQ), H = V siny, Eq. (20) may be
expressed as

~d(H)/~do = exp [-€/(#)] (21)

where

= Jo
[ H

F(H)dH (22)

(23)

The quantity e can be estimated readily if it is known that
8 = df for H = Hf. In such a case, clearly,

e = \og(5o/~df)/J(Hf) (24)

Finally, from Eqs. (18), S(H) = $(H)F(H), for F(H) > 0.
Hence,

s/so = (d/~do)[F(H)/F(Ho)] (25)
In summary, for nearly circular motion, Eqs. (21-25) are

used as follows. The time (or altitude) histories of h, V, 7,
and p are obtained. The required additional inputs are
A, d, IX) Iy, as well as do, s0, and 3/(/&/). The functions CMOT
(h) and p may be provided either in tabular or analytical
form. Then the following quantities are calculated, in order:
1) p and (q^CMa), by numerical differentiation, 2) W by Eq.
(12), and then TF, 3) co = [1 - (Ix/2Iy)]p + W, and 4)
Equations (23-24), (21), and (25), in that order.

We can obtain approximate expressions for the functions
F and J when certain assumptions are made that apply to
many stable, high-performance (high-ballistic parameter)
re-entry vehicles for which d rapidly damps to small values:

1) The roll rate p is constant, such that for the first term
oi<W,

p (Ix/2Iy)2 « - (Ad/Iy) (qmCMa) (26)
2) CD is constant.
3) CM<X is a slowly changing, negative function of altitude

CMa(H) = (27)
with Cji/ao < 0, c small. For aerodynamically stable re-entry
vehicles, c is negative.

sin(v - 1?) = <
cosfy — rj)

s(t ~ to)
= 1

(16)

(17)
4) The re-entry trajectory

H =

is straight.

V siny0

Then,

(28)

Table 1 Illustrative example

H, kft

0
100
200
220
240
247

4
3
;2
7
1
2

p, slug/ft3

.96 X 10-*

.81 X 10~7

.94 X 10~5

.02 X 10-5

.67 X 10 -4

.26 X 10-4

F,fpB

20,000
19,980
18,760
17,180
13,940
12,260

^ Mot j r&cl

1.20
0.442
0.162
0.133
0.109
0.102

Q(H), sec-1

0.616
3.28

16.4
21.0
23.8
23.5

F(H), sec

0.616
8.76

62.2
67.5
29.3

-2.58

-1 sec
0

940
16,980
24,310
31,710

f

1.00 6
2.67 1
3.79 -3
3.22
1.23

g, ft-1

.68 X 10 ~5

.05 X 10~4

.16 X 10~4

32,790 -0.11

«, deg
8.00
6.80
0.40
0.11
0.03

(0.02)

s, deg/sec

2.00
24.08
10.10
3.08
0.38
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p(H) (29)
with a denoting a positive constant. It is shown in Ref. 2
that because of assumptions 2, 4, and 5,

V = yoe(po-P)*/2 (30)

with

k — ACn/(am sin70) (31)
With these assumptions we may express F(H) in the form

F(H) = Q + H(dQ/dH) (32)
where

Q - [(Ad/Iy)qmCMa*]m, CMa* = -CMa (33)
Thus,

F(H) = Q(H)f(H)

where

f(H) = 1 + (H/2)<p(H) (34)
and

Behavior of $(H) and 3(H)

It is of general interest to investigate the capability of the
approximate expressions to properly depict the well-known
over-all behavior of 5 and s for a stable vehicle in the re-entry
region 0 < H < Hs. A stable vehicle is defined here as one
for which d rapidly decreases as the altitude decreases (H in-
creases) . For such a behavior of d it is clearly necessary that
the total lateral rate s also assumes small values at low
altitudes.

For the derivatives of S and s we obtain
dd/dH = -€lQj(H)[H/(HY]

and

with

and

ds/dH = (&~dQg(H)

g(H) =

(35)

(36)

(37)

(38)
Note that \f/(H) > 0 always.

The behaviors of 6 and 5 are thus controlled by f(H) and
0(#), respectively. For H = 0, /(O) = 1, and 0(0) =
2^(0) = 2(a + c — aArpo). On physical grounds it is known
that 0(0) > 0. Thus, in general, at H = 0, dd/dH = 0, and
ds/dh > 0.

Since it is known on physical grounds that s must eventually
become small, s(H) must always assume a maximum at some
altitude H = Hma. In order for d(H) to show a mono tonic
decrease in an altitude band it is necessary that f(H) be
positive in that altitude band.

Fig. 2 Case II.

In discussing the behavior of f(H) and #(//), the com-
parison between the "drag" parameter k defined in Eq. (31),.
and the parameter

kc = (l/aps)[a (39)
is of significance. Two different cases (and two subcases of
case I) arise: Case I,Q<k<ke. In this case/(#) > 1 —
(H/H.) > 0. Thus, dd/dH < 0 for all H; d is a decreasing
function of H everywhere. We can subdivide case I by
introducing

k, = (l/aps)(a + c), (k. < kc} (40)

Fig. 1 Case Ib.

Case la, 0 < k < ks. Now <p(H) > 0 for all H, so that/(#)
> 1. Also, g(Hs) > —Hs\f/(Hs). As was stated previously,,
there must exist Hma < Hs at which s(H) assumes a maximum,,
i.e., g(Hma) = 0. Case Ib, ks < k < kc. Now <p(Hs) < 0,
There exists H* so that <p(H*) = 0. Consequently, g(H*) =
-H*\I/(H*) < 0. Thus, there must exist Hma < H* for
which g(Hma) = 0, i.e., at which s(H) assumes a maximum,
H* may be calculated from the equation: p(H*) = (I/ok}
(a + c). Case'11, kc < k. Now <p(H,) < -(2/H.) < 0,
so that f(Hs) < 0. Since /(O) = 1, there exists Hmi such
that f(Hmi) = 0; d(H) assumes a minimum at PImi. It is
noted that Hmi; satisfies Hmi == —2/(p(Hmi). This minimum
is artificial, caused by the mathematical approximation.
In practice Hmi will occur at a sufficiently low altitude so as
not to affect the over-all qualitative descriptions of S and s.
At Hmi, g(Hmi) = -[(2/Hmi) + Hm^(Hmi)] < 0. There
exists Hma < Hmi for which g(Hma) = 0; S(H) assumes a.
maximum at Hma.

The cases Ib and II are depicted in Figs. 1 and 2. High-
performance re-entry vehicles are characterized by relatively
small values of k. The behavior of d,s is then typified by
case la.

Illustrative Example

The approximate solutions resulting from the assumptions
(26-29) will be determined for a vehicle performing nearly
circular 6 motion during re-entry, having the following prop-
erties: ra = 1007T Ib m, d = 2 ft, A = TT ft2, Ix = 2 slug-
ft2, Iy = 20 slug-ft2, CD = 0.2, and CMa = -1.2e ~ H/1Q6 rad"1..

The high-altitude conditions assumed are: h0 = 300,000
ft, 70 = 20,000 fps, 70 = 20° below local horizontal, S0 =
8°, s0 = 2 deg/sec, p = 2ir rad/sec, and pQ = 4.96 X 10~9-
slug/ft3 (1966 U.S. Standard Atmosphere, 15° latitude).

For the in-flight condition, we assume that at hf = 100 kft,.
5f = 0.4°. With ps = 2.26 X 10~3 slug/ft3, it is seen that
a = 4.34 X 10~5 ft-1. Next, by Eq. (31), k = 4335 ft3/slugr
and, by Eq. (39), ke = 408 ft3/slug. Thus, we have case II.
The altitude Hmi at which S assumes a minimum is given by
Hmi = -2/<p(Hmi); it turns out that Hmi « 247 kft, or
hmi « 53 kft. Further, Q(H) = 0.407(pCm«*)1/2 sec"1. A
condensed listing of the calculations is given in Table 1.

The parameter e, determined by Eq. (24) and the in-flight
condition, is found to be e = 1.76 X 10~4 rad/sec. The^
constraint Eq. (15), e « |p|, is thus certainly satisfied for
the example. The altitude Hma at which S assumes a maxi-
mum can be calculated from the equation g(Hma) = 0;,
it turns out that Hma » 125 kft, i.e., hma ~ 175 kft.
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Conclusion

General expressions are provided that permit the deter-
mination during re-entry of the total angle-of-attack 6 and
the total lateral rate 5 of a vehicle performing nearly circular
motion, if the histories of such trajectory parameters as
relative velocity, flight path angle, and the pitching moment
coefficient slope of the vehicle are known. With certain
simplifying assumptions that are reasonable for many high
ballistic-coefficient vehicles, approximate solutions are ob-
tained that simulate the nominal behavior of d and s in a
satisfactory manner.
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Probability of Rescue in Emergency
Return Missions

S. T. CHU* AND A. R. NAGY Jn.f
Aerospace Corporation, El Segundo, Calif.

Nomenclature
fc — specific fuel consumption for aircraft cruising (for round

trip from and back to the recovery aircraft station,
twice the value of the conventional-cruising specific
fuel consumption in Ib/hr)

/L = specific fuel consumption for aircraft loitering
K = kernel function defined in Eq. (10)
p = return probability
PSR = probability of successful rescue operation (assuming

unit reliability of pickup)
r = search radius, measured along a great circle arc
ra = Va(tE + *i)
Tal = Va(tE + twi — tD)
r«2 = [VafL/(fc - fL)} l(wf/fL) + td - IE - ti\
rf = intersection of tsi {r} and t8z {r} in which the portion of

tsi lying below zero is replaced by tsi = 0
R — maximum range of rescue aircraft = VatCmx
li = allowable in-orbit waiting time
te = aircraft cruising time; tcmx = (w/fcf)
td = takeoff delay time of rescue aircraft, time between de-

cision-to-return and aircraft takeoff
IE — spacecraft reentry time
/L = aircraft loiter time; tLmx = (wf/fL)
t* — orbital period
ts = spacecraft waiting time
W*2 = defined in Eqs. (8) and (9), respectively
tw — water immersion time; tw\ = allowable water immersion

time of spacecraft
Va = cruising speed of rescue aircraft
Wf = total fuel available for rescue aircraft for cruising and

loitering
% = orbital inclination
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Introduction

ASUCCESSFUL rescue of spacecraft or an escape capsule
requires that the spacecraft returns from orbit to one

of the recovery areas and that the rescue aircraft locates the
spacecraft and picks up the distressed astronauts at the
splash point; i.e., matching a time sequence for the space-
craft with a corresponding time sequence for the rescue air-
craft. This Note summarizes a method of analysis1 that
will aid in 1) determining design criteria for spacecraft, 2)
tradeoff studies in recovery planning, 3) establishment of
requirements for recovery forces, and 4) selection of recovery
sites. Sample results are included.

Probability of Rescue Success

Let us consider a ring on the Earth's surface formed by
the difference between two concentric recovery circles of
radius r and r + dr. The return probability of a spacecraft
to this ring or a collection of such rings for multiple recovery
stations within an allowable in-orbit waiting time, h, is
given by

dp(r,ti) = p(r + dr,ti) - p(r,ti) (D
where r is the limiting recovery radius measured along an
Earth great circle arc. This definition implicitly assumes
successful deorbit and re-entry. For a specific return opera-
tion, the recovery radius will take a value between 0 and r
and the actual in-orbit waiting time ts will lie between 0 and
ti depending upon the position of the spacecraft at the time
of return decision.

The individual elements of a rescue operation and their
interactions may best be appreciated by examining a time
sequence of the operation; for the spacecraft this sequence
includes ts, the time of re-entry from deorbit to splashdown
is, and the water immersion time tw, whereas for the rescue
aircraft it includes the delay time td, the cruise time tc, and
the loiter time IL- The re-entry time, tE, may be considered
as a fixed quantity determined by the orbit altitude, space-
craft characteristics, and re-entry conditions, and tw varies
between zero and its allowable tw\] thus,

= fixed, 0 < ts < h, 0 < tw < twl (2)
For the rescue aircraft, the td may be attributable to the
time for sending messages of return decision to the recovery
force and the alert time for aircraft takeoff; te and IL are
varying quantities and are related to each other through a
fixed amount of fuel carried by the aircraft

= fdc + /LtL = fixed (3)

Since the specific fuel consumption for loitering, /L, is ex-
pected to be smaller than that for cruise, /c, the limits within
which tc and IL can vary are, therefore, different and are given
by

0 <C1 0 < tL < (4)

where temx = w//fc and tLmx = wf/fL. For a successful rescue
operation, two conditions must be met: the aircraft must
arrive at the splash point no later than a fixed twi hr after
the spacecraft splashes into the water and, if the rescue air-
craft arrives at the splash point first, it must loiter about this
location until the spacecraft splashes down; i.e.,

J. | J. | / >s. / I A. / n\i>c T" *d " i IL ^_ ts ~r IE (v)

By using Eq. (3), the inequality of Eq. (6) may be written as

tc + td + Wf/fL — tcfc/fL > ts -}- IE (7)

Two varying quantities, tc and ts, play different roles in the
analysis; tc may be considered as an independent variable,
and for a specific value of tc, the probability of successful


